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Time-delay in a multi-channel formalism
Helmut Haberzettl and Ron Workman
Center for Nuclear Studies, Department of Physics,
The George Washington University, Washington, DC 20052, USA
We reexamine the time-delay formalism of Wigner, Eisenbud and Smith, which was developed to
analyze both elastic and inelastic resonances. An error in the paper of Smith has propagated through
the literature. We correct this error and show how the results of Eisenbud and Smith are related.
We also comment on some recent time-delay studies, based on Smith’s erroneous interpretation of
the Eisenbud result.
I. THE RESULT OF WIGNER AND EISENBUD
In 1948, Eisenbud [1] used a simple wave-packet approach to show that, for an elastic resonance, the time-delay
(∆t) in a collision process was related to the energy-derivative of the phase shift
∆t = ~
dδ
dE
, (1)
this result, apart from a factor of two [2], also appeared in a paper by Wigner [3], which used causality to place a
limit on dδ/dE. Less well known is the Eisenbud result for scattering into several final states [1, 4],
∆t = ~
d
dE
[arg (S − 1)] . (2)
In the case of elestic scattering, where S = e2iδ, this gives the result in Eq. (1).
Note that ∆t, in the multi-channel case, becomes a matrix. The matrix S being symmetric and unitary was
diagonalized and one element was assumed to be resonant. The resulting matrix ∆t was again found to have the
form of Eq. (1) for each entry, however, with the phase shift replaced by the resonant eigenphase. Unfortunately, the
same notation was used for both the phase shift and the eigenphase, and (as we will see) this may have caused some
confusion.
II. THE RESULT OF SMITH
Smith [5] derived the time-delay matrix based on the flux passing through some interaction region of radius R. His
main result was for the average lifetime of a metastable state due to a collision beginning in the ith channel. The
result was
Q = −i~
dS
dE
S†. (3)
Smith further claimed that his result and the result of Eisenbud could be connected, using the following representation
for Eisenbud’s result
∆tij = Re
[
−i~ (Sij)
−1 dSij
dE
]
(4)
and a relation for the average over all outgoing channels
Q =
∑
j
S∗ijSij∆tij (5)
giving Eq. (3), as claimed. The problem with this argument lies in Eq. (4), which is not equivalent to Eisenbud’s
result given in Eq. (2) above.
2III. DO EISENBUD AND SMITH AGREE?
To compare the results of Eisenbud and Smith, we use a representation in terms of eigenphases. The method applied
to Smith’s result is given in the review article [6] of Dalitz and Moorhouse - it is reproduced here for completeness.
First use a unitary transformation to diagonalize the S-matrix
S = U †SDU (6)
where SD has diagonal elements Sα. Then take the trace of Q
trQ = −i~ tr
[(
dU †
dE
SDU + U
† dSD
dE
U + U †SD
dU
dE
)(
U †S∗DU
)]
(7)
and use the cyclic properties of the trace, the relation U †U = 1, and
tr
(
U
dU †
dE
+
dU
dE
U †
)
= tr
d
dE
(
UU †
)
= 0 (8)
to find, for Sα = e
2iφα , where φα is the eigenphase,
tr Q = −i~ tr
(
dSD
dE
S∗D
)
= 2~
∑
α
dφα
dE
. (9)
In the simple case considered by Eisenbud, with only one resonant eigenphase (the remaining eigenphases all approx-
imately zero and not functions of energy), Eq. (9) has only one term and agrees, apart from a factor of two, with
Eisenbud’s result for the time-delay in any channel.
IV. IV. A SIMPLE TWO-CHANNEL EXAMPLE
These relations are clarified when applied to a simple two-channel S-matrix. Consider the T -matrix for a two-
channel problem containing only a single Breit–Wigner resonance,
T =
−1/2
W −WR + iΓ/2
(
Γ1
√
Γ1Γ2√
Γ1Γ2 Γ2
)
. (10)
Construct the S-matrix (S = 1 + 2iT ), and diagonalize via a unitary transformation, to find SD (S = U
†SDU) with
SD =
(
1 0
0 W−WR−iΓ/2W−WR+iΓ/2
)
, (11)
and
U =
1
√
Γ
( √
Γ2 −
√
Γ1√
Γ1
√
Γ2.
)
. (12)
Here there are two eigenphases. The first, φ1, is zero and the second, φ2, is equal to the phase of an elastic resonance.
Applying the Eisenbud relation,
∆t = ~
d
dE
[
arg
(
U † (SD − 1)U
)]
, (13)
we find
∆tij = ~
d
dE
arg
√
ΓiΓj
Γ
(
e2iφ2 − 1
)
= ~
dφ2
dE
(14)
as given by Eisenbud and proportional to the trace of Smith’s Q matrix.
Several points are worth noting. Eisenbud’s relation gives the same time-delay for both channels; this time-delay
is positive. The result is not altered by energy-dependent widths, and does not depend on the branching ratio to any
particular channel.
3The result obtained using Eq. (4), wrongly attributed to Eisenbud by Smith, is quite different. Here the time-delay
depends upon the channel phase shift. In our simple 2-channel case, the time-delay will be positive for a channel with
Γi/Γ > 1/2 and negative for Γi/Γ < 1/2.
The relation given in Eq. (4), applied again to a simple two-channel system, written in terms of the phase shift for
a diagonal element is
∆t11 = 2~
dδ1
dE
, (15)
δ1 being the phase shift for channel 1. The relation obtained using Smith’s time-delay matrix can be written in the
form
Q11 = 2~
dδ1
dE
+ ~(1− η2)
d(δ2 − δ1)
dE
, (16)
where η is the inelasticity. This clearly shows how the results differ.
V. TIME-DELAY VERSUS SPEED PLOTS
We have for Smith’s Q-matrix
Qii = i~

∑
j
Sij
dS∗ij
dE


E=ER
, (17)
which can be rewritten
Qii = 2~

dT ∗ii
dE
+
∑
j
(2iTij)
dT ∗ij
dE


E=ER
. (18)
Using relations for the multi-channel generalization of Eq. (10), all evaluated at E = ER,
2iTij = −
4
Γ
Γij and
dT ∗ij
dE
= −
4
Γ2
Γij , (19)
we have
Qii = 2~

− 4
Γ2
Γii +
∑
j
(
4
Γ
Γij
)(
4
Γ2
Γij
)
= 2~

− 2
Γ2
Γi +
∑
j
(
2
Γ
√
ΓiΓj
)(
2
Γ2
√
ΓiΓj
)
=
4~Γi
Γ2

∑
j
2Γj
Γ
− 1

 (20)
where the sum in brackets gives unity. From the relation
Qii = 2~ Speed(ER) with Speed(E) =
dTii(E)
dE
(21)
we can relate speed plot results to the time-delay relations of Eisenbud and Smith. Note also that Eisenbud’s result
is given by the energy derivative of the T-matrix phase, whereas the speed is given by the absolute value of dT/dE.
Combining Eqs. (20) and (21), one may verify that we reproduce the speed plot formula used in Ref. [7].
The method of Smith has been applied in atomic physics as well. Authors from this field have considered general-
izations involving background contributions and overlapping resonances [8, 9]. In some cases, old results from nuclear
physics have been rediscovered [10].
4VI. SUMMARY AND CONCLUSIONS
In this paper we have noted an error in the work of Smith [5] which misrepresented the time-delay result of
Eisenbud [1]. This error has propagated through the literature, appearing also in the review article of Dalitz and
Moorhouse [6], most likely due to the fact that the result was presented in a Ph.D. thesis, and not published.
This misquoted relation has also been used in a number of recent studies identifying resonance signatures in elastic
scattering data [11]. The results were a mixture of positive and negative time-delays, which led the authors to
erroneously conclude that speed plot and time-delay results were inconsistent. We have shown that these problems
are due to the use of phase shifts where eigenphases are appropriate.
We have compared the time-delay and speed plot methods using an S-matrix containing only a single resonance.
In Ref. [12], it was shown that the simple extension
Sij = e
i(ϕi+ϕj)SResij , (22)
with SRes given by the multichannel generalization of Eq. (10), and ϕi being a constant phase, results in eigenphases
exhibiting a correlated energy dependence in the vicinity of a resonance, a manifestation of Wigner’s no-crossing
theorem [13]. This implies a more complicated relationship between the Eisenbud and Smith methods in the general
case. The more involved problem of two overlapping resonances, with energy independent background, has been
considered in Ref. [8].
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